The electric dipole moment of magnetic monopoles with spin is studied in the N=2 supersymmetric gauge theory. The dipole moments of the electric charge distributions, as well as the dipole moments due to the magnetic currents, are calculated. The contribution of charge distribution of the fermion to the gyroelectric ratio is expressed by using ζ(3).
§1. Introduction
Magnetic monopoles appear as soliton solutions in certain kinds of gauge theories. According to the duality idea, these monopoles are expected to behave as fundamental particles in a dual description of the system. It is, therefore, interesting to investigate to what extent magnetic monopoles share the properties of electrically charged particles. In this connection, the electric dipole moment of monopoles has been attracting some attention.
1)-3)
If a magnetic monopole has spin, it will have the electric dipole moment proportional to its spin angular momentum:
where g m corresponds to the g-factor of the magnetic moment of electrically charged particles. We expect that g m is 2 with possible radiative corrections for the spin 1/2 monopole.
Actually, it is known that g m is 2 for BPS monopoles of the N = 2 supersymmetric gauge theory.
2), 3) This can be shown from the long-distance behavior of the electric field of the spin 1/2 monopole, which is obtained by applying the finite supersymmetry transformation to the spinless monopole solution. However, detailed properties of the electric dipole moments of monopoles are yet to be explored. In this paper, the source term of the electric field will be investigated to clarify how the dipole field is generated. We will find, for example, that the electric dipole moment of the charge distribution of the fermion field is given by a curious number and also that 1/3 of the dipole moment is generated by magnetic currents. §2. N=2 Supersymmetric Gauge Theory
In this section, we summarize the basic properties of magnetic monopoles in the N=2 supersymmetric gauge theory, which are useful for the calculation in the following sections.
4)
The gauge group is assumed to be SU (2) and all the fields belong to the adjoint representation.
The Lagrangian is given by
where the following matrix notations are adopted,
2)
3)
The field strength and the covariant derivative are defined as,
We will also use the following notations,
The Lagrangian (2 . 1) is invariant, up to a total derivative term, under the N=2 supersymmetry transformations
where the parameter α is a Grassmann valued Dirac spinor. The equations of motion of this system are as follows
It is known that this system has a BPS monopole, which is obtained by solving the BPS equation:
together with@
The explicit form of the solution is given by
where
The above solution corresponds to a spinless monopole. A spinning monopole is obtained by creating the zero energy mode fermion on the spinless monopole background. Because of supersymmetry, the zero energy mode can be obtained by applying super symmetry transformations to the spinless monopole configuration.
Substituting Eqs.(2 . 16), (2 . 17) and (2 . 18) into Eq.(2 . 10), we have the following variation of the fermion field in the monopole background:
where we used the following representation for the gamma matrices
and P ± is defined as follows
with
We note that δψ of Eq.(2 . 21) is a zero energy solution to Eq.(2 . 14) in the background field of the spinless monopole configuration. It is known that the back reaction of the created fermion is described by considering the finite supersymmetry transformation given by
25)
26)
where the transformed fields are indicated by tilde. We can directly confirm that they satisfy the equations of motion exactly.
It is convenient to interpret P + α as the operator , instead of the super symmetry transformation parameter, which satisfies the following anti-commutation relation
where χ is defined through
The spin 1/2 monopole states are obtained by applying the creation operators χ † to the spinless monopole state. We note that the spin angular momentum of the monopole can be expressed in this formalism as
Now we can calculate the electric dipole moment of the spin 1/2 monopole in the following way. From Eqs.(2 . 27) and (2 . 28), i0−component of the guage field configuration is expressed
The electric field is obtained by projectingẼ ai to the direction ofS a . After some calculation, we find that the electric field shows the following dipole behavior in the asymptotic region:
From this, we can conclude that the g-factor of the spin 1/2 monopole is given by
In the following sections, we will investigate how this dipole field is generated. §3.
Calculation of Electric Dipole Moment
Our primary interest is to see the dipole moment of the electric charge distribution. For this purpose, we define the charge density first. Projecting the time component of Eq.(2 . 11) to the direction of the scalar field, we have
It is natural to define the right hand side of Eq.(3 . 1) as the charge density. It consists of the terms which express the contribution of each field. We note that ρ A1 + ρ A2 , ρ S , ρ P and ρ ψ are gauge invariant. ρ A1 arises from the exchange of the derivative andŜ a .
Substituting the field configuration for the spin 1/2 monopole, Eqs.(2 . 26) to (2 . 28),
into the above expressions, we have the charge densities for the spin 1/2 monopole. Using Eqs.(2 . 17) and (2 . 18), we find
10)
where H and K are given by Eq.(2 . 19) and Eq.(2 . 20), respectively, with y = evr.
Now it is easy to calculate the dipole moment of the electric charge distribution. For example, the contribution of the fermion can be written as
Noting eQ m = 4π, we can calculate the g-factor due to the fermion as
We note that ζ(3) appears in the above expression. It is interesting that the share of the fermion contribution to the g-factor is not given by a simple fractional number.
Similarly, we can calculate the g-factors corresponding to ρ A1 and ρ A2 as follows, From Eqs.(3 . 13), (3 . 14) and (3 . 15) , we find that the sum of the three contributions to the g-factor is given by
This means that the dipole moment of the electric charge distribution is only 2/3 of the dipole moment determined by the long-distance behavior of the electric field.
A mismatch of the dipole field and the dipole moment of the charge distribution is not necessarily a surprise. For the Gauss law relation, ∇ · E = ρ, we have
In the last equality, we assumed the following long-distance behavior for the electric field
This implies that dipole moment of charge distribution is 2/3 of dipole moment determined by the long-distance behavior, if the volume integral of E i vanishes. Actually this is the case for the present system. Because the electric field is proportional to (3r irj − δ ij )J j in the entire space, the last term of Eq.(3 . 17) vanishes. In the next section, we will discuss where the remaining 1/3 of the dipole moment comes from. §4.
Contribution of Magnetic Current
In this section we calculate the contribution of magnetic current to the electric dipole moment. Obviously a loop of magnetic current will generate an electric dipole moment. In order to extract the expression for the magnetic current, we start with the Bianchi identity
For the static field configuration, this can be written, after projection to the direction ofŜ a , as
The right hand side of Eq. 
Since the electric dipole moment generated by the magnetic current can be expressed as
we have the following results for the contributions of each magnetic current to the g-factor We note that the sum of three contributions is given by
which is exactly what we expected. §5. Conclusion
We have seen that in the N=2 supersymmetric gauge theory, the electric dipole moment of the spin 1/2 magnetic monopole is what is expected from the Dirac equation. Although the arguments are based on the classical solution of the equations of motion, the results would not be changed by the radiative corrections because of the supersymmetry of the system. In this connection, it would be interesting to see the effects of supersymmetry breaking. It may change the results through the radiative corrections, as well as through the modification of the classical solutions. These points are under investigation.
We found that the source of the electric dipole moment consists of various components. In particular, the fraction of the contribution of the fermion fields is given by a curious number. This fraction would be independent of the gauge choice, becasue ρ ψ is gauge invariant.
We also found that 1/3 of the electric dipole moment is generated by the magnetic current. As we have seen, this is a rather generic result in the soliton solutions that satisfy a certain symmetric property. Therefore, the fraction of the magnetic current contribution will be the same even if the value of the electric dipole moment deviates from the Dirac moment, for example, in non-supersymmetric models.
The structure of the source of the electric dipole moment which we discussed in the present paper will be obscured in the dual description of magnetic monopoles, if any, because in such a description, magnetic monopoles are treated as local fields. This, in turn, implies that even the magnetic moment of ordinary electrically charged particles may have similar structures in its source. It is an interesting question whether this has any observable effects.
